Optical traps use forces exerted by specially structured beams of light to localize microscopic objects in three dimensions. In the case of single-beam optical traps, such as optical tweezers, trapping is due entirely to gradients in the light's intensity. Gradients in the light field's phase also control optical forces, however, and their quite general influence on trapped particles' dynamics has only recently been explored in detail. We demonstrate both theoretically and experimentally how phase gradients give rise to forces in optical traps and explore the sometimes surprising influence of phase-gradient forces on trapped objects' motions.
INTRODUCTION
Since their introduction in 1986, 1 the single-beam optical gradient force traps known as optical tweezers have become invaluable tools for research in biology, physics, physical chemistry and several branches of engineering. An optical tweezer consists of a single beam of light brought to a tight focus by a high-numerical-aperture lens. A small object illuminated by the beam develops an induced dipole moment that is drawn up gradients in the light's electric field toward the focus, where the light is brightest. The net effect is an attraction to the focal point that is approximately proportional to the local intensity gradient.
1 Radiation pressure due to absorption and surface scattering tends to drive the particle down the beam's axis. A particle only can remain trapped if axial intensity gradients are strong enough to compensate. For this reason, single-beam optical traps generally are created with microscope objective lenses, whose high numerical apertures and well-corrected aberrations yield particularly steep axial intensity gradients.
A stably trapped particle comes to mechanical equilibrium at the point where radiation pressure is balanced by the restoring force due to intensity gradients. It is displaced from this point by thermally driven fluctuations in the surrounding medium, which constitutes a thermal heat bath. Until very recently, 2 these fluctuations have been discussed in the language of equilibrium statistical mechanics, the particle being assumed to come into thermodynamic equilibrium in a potential energy well created by the optical trap. This understanding has inspired the use of thermal fluctuation analysis to calibrate optical tweezers' force constants 3 and has been widely exploited for measurements of molecular-scale forces and statistics. 4 Here, we show that this view is incomplete. Optically trapped particles seldom, if ever, come into thermodynamic equilibrium. Rather, they generically enter into nonequilibrium steady states 2 driven by non-conservative optical forces that are governed by phase gradients.
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In the following section we discuss how phase gradients in optical field give rise to non-conservative optical forces and relate this general phenomenon to previous work on optical vortices [6] [7] [8] [9] [10] and similar generalized optical traps. 5, [11] [12] [13] We then describe quantitative holographic video microscopy, an experimental technique that allows us to track colloidal particles' three-dimensional trajectories with nanometer-scale resolution.
We then use this tool to demonstrate the departure from equilibrium of colloidal spheres trapped in conventional optical tweezers, and effect which we describe as the fountain of probability. 2 We close with a discussion of how nonequilibrium effects due to phase gradient forces might have influenced previous measurements performed with optically trapped colloids, and with speculation on how these effects may be controlled and exploited for future studies.
PHASE GRADIENT FORCES
The electric and magnetic fields in a beam of light may be described in the Lorenz gauge as derivative of the vector potential:
The vector potential for a beam of light of frequency ω propagating along theẑ direction is
where u(r) and ϕ(r) are the beam's real-valued cross-sectional amplitude and phase profiles, respectively, and (r) is the local polarization vector. We will invoke a weak form of the paraxial approximation by ignoring spatial variations inˆ (r). Additional effects due to polarization gradients thus fall outside the scope of this discussion.
The transverse phase profile is defined so that ∂ z ϕ(r) = 0. It thus controls the direction of the beam's local wavevector, k(r), through conservation of momentum
The wavenumber is determined by the dispersion relation, k = |k(r)| = n m ω/c, where c is the speed of light in vacuum and n m is the refractive index of the medium. Equation (4) thus defines the axial component of the wavevector, k z (r), without resorting to a stronger form of the paraxial approximation.
The transverse phase is constant in a collimated beam, ϕ(r) = 0, so that k z (r) = k. A converging beam has the phase profile
where f is the focal length of the converging lens and z is the distance from its focus. The axial component of the wavevector thus diminishes with distance from the optical axis. Other wavefront structures encoded in different transverse phase profiles similarly redirect the local wavevector.
We define the overall spatially dependent phase,
which accounts for both axial and transverse phase variations in the propagating wave. We will refer to Φ(r) in our discussion of how phase gradients influence the dynamics of optically trapped particles.
The forces experienced by a particle illuminated by such a beam depend in a complicated way on the particle's size, composition and shape. [18] [19] [20] [21] [22] [23] In the Rayleigh approximation, however, which applies to particles smaller than the wavelength of light, the scattering force due to radiation pressure is proportional to the local momentum flux in the beam of light. This, in turn, is described by the Poynting vector,
where I(r) = u 2 (r) is the local intensity of the light. Some portion of this momentum flux can be transferred to an illuminated particle, which then experiences a force directed along gradients of Φ(r) by conservation of momentum. The transverse phase profile, ϕ(r) therefore controls the direction of this phase-gradient force.
One of the central themes of this contribution is that optical forces arising from phase gradients do not conserve mechanical energy. In other words, the force proportional to g(r) cannot be expressed as the gradient of an analytic function. This is readily demonstrated by observing that
does not vanish in general. Because g(r) has a non-vanishing curl, the force it engenders in non-conservative.
This contrasts with the induced-dipole restoring force, which is proportional to gradients in the intensity and so is manifestly conservative. The total force experienced by a particle is the superposition of this conservative contribution that keeps the particle trapped and the non-conservative phase-gradient contribution that drives it out of thermodynamic equilibrium. Thus, even a stably trapped particle is subject to non-conservative optical forces and behaves accordingly.
Although the present discussion is semi-heuristic and relies on the Rayleigh approximation, its basic conclusions apply also to particles of all sizes, shapes and composition. In the more general case, the total optical force F (r p ) experienced by a particle centered at r p can be resolved into irrotational and solenoidal components
where U (r) is the usual potential energy and V (r) is the vector potential for F . Such Hodge-Helmholtz decompositions are commonly used in discussions of fluid flows, but appear not to have been applied to optical force fields. The second term in Eq. (10) describes a non-conservative force analogous to the force arising from Eq. (7), although its relationship to the beam's local amplitude and phase profiles generally are not so direct.
PHASE-GRADIENT FORCES IN STRUCTURED OPTICAL TRAPS
Equation (10) reveals phase-gradient forces and their non-conservative nature to be virtually inevitable aspects of light-matter interactions. Indeed non-conservative optical forces have been recognized at least since 1611 when Kepler suggested that comet tails might be created by the solar wind. Their role in optical trapping, however, has received comparatively little attention.
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The most prominent example of phase-gradient forces in the optical trapping literature has been the optical torque 24 exerted by ring-like optical traps known as optical vortexes. [8] [9] [10] These traps are define by the helical phase profile,
where θ is the polar angle around the optical axis, and where is an integer that establishes the helical pitch of the wavefronts. This phase profile gives rise to a component of the optical momentum flux,
that acts perpendicular to the direction of propagation. The resulting transverse component of the optical force tends to drive illuminated objects in circles around the optical axis.
24-26
The helical phase profile also influences the intensity distribution in an optical vortex. The confluence of phases along the optical axis gives rise to destructive interference that renders the axis dark, even at the focus. Light is redistributed to a ring whose radius depends on . Particles confined by intensity-gradient forces to the ring additionally experience tangential forces due to the helical phase gradient that makes them circulate around its circumference.
This combination of trapping with intensity-gradient forces and driving with phase-gradient forces has been demonstrated with micrometer-scale colloidal particles dispersed in water. [24] [25] [26] [27] It has been put to work in the form of pumps 28 and mixers created with arrays of optical vortexes. Optical vortexes have been generalized 11 through the imposition of non-uniform helical pitches and by superposition of optical vortexes with opposite helicity.
29-31
More recently, the introduction of shape-phase holography 12 has made it possible to project optical traps that focus to arbitrary one-dimensional curves embedded in three dimensions and whose intensity and phase profiles can be specified independently. Figure 1 shows the focused light from typical holographic line traps. These were designed with uniform phase in the focal plane, ϕ(x) = 0, and specified intensity profiles along the traps' nominal 15 μm lengths. They were projected with a standard holographic optical trapping system 32-34 based on a Nikon TE-2000U inverted optical microscope stand with a Nikon 100× Plan Apo oil-immersion objective (numerical aperture 1.4), and a Coherent Verdi laser operating at a vacuum wavelength of λ = 532 nm. The same objective lens used to focus the light into traps also was used to form images of trapped particles. these images were relayed to a video camera (NEC TI 324AII) and recorded as uncompressed digital video with a digital video recorder (Pioneer 520H-S) for subsequent analysis.
Images of the focused light in Fig. 1 were obtained by replacing the sample with a front-surface mirror and collecting the reflected light with the objective lens. Photometry on the recorded images yields the measured intensity traces in Fig. 1 , which are compared with the designed longitudinal and transverse intensity profiles, the latter being intended to be a diffraction-limited focal profile.
Tracking the motions of a particle trapped in three dimensions along the line enables us to build up a probability distribution, P (x) dx, for finding the particle within dx of x along the line. In the absence of longitudinal phase gradients, these extended optical traps should act as potential energy wells for a trapped particle, and the measured probability distribution should be related to the effective potential V (x) through the Boltzmann distribution,
where β −1 = k B T is the thermal energy scale at absolute temperature T . The inset to Fig. 1(a) demonstrates that, indeed, the Gaussian holographic line trap with uniform phase profile acts as a one-dimensional harmonic potential energy well over a range exceeding 5 μm. In this case, both the one-dimensional force landscape and three-dimensional trapping are accomplished with intensity gradients alone.
The results in Fig. 2 demonstrate the complementary role of phase gradients in establishing force profiles within intensity-gradient traps. The bright-field images in Fig. 2(a1) and (b1) show 1.5 μm diameter silica spheres three-dimensionally trapped on uniformly bright holographic line traps whose in-plane images are shown at the same scale in Fig. 2(a2) and (b2), respectively. Based on in-plane photometry alone, we might expect these two traps to behave identically. They differ, however, in their longitudinal phase profiles, which have the form ϕ(x) = ±ax 2 . From Eq. (12), the positive sign yields an outward force, and the negative sign yields an inward force. These predictions are confirmed by the observation typified by Figs. 2(a1) and (b1) that particles subjected to a positive phase gradient migrate outward and those subjected to a negative gradient migrate inward.
The mechanism for these phase-gradient forces is made clear by the axial reconstructions of the traps' threedimensional intensity distributions shown in Fig. 2(a3) and (b3). These images were created by obtaining images such as Fig. 2 (a2) and (b2) over a range of focal heights, stacking the images to create a volumetric representation, and then taking slices along the optical axis. 35 Although both traps are uniformly bright in the focal plane, and although both achieve diffraction-limited axial focuses, the local wavevector k(r) is clearly directed outward in Fig. 2(a3) and inward in Fig. 2(b3) . The resulting longitudinal components of the radiation pressure account for the particles' motions along the lines.
Although phase gradients gave rise to these longitudinal forces, their non-conservative nature is not immediately obvious. This is because we are considering particles' gross motions along the extended trap's onedimensional profile. Any one-dimensional force on an open curve is integrable, and thus can be represented as the gradient of a potential. The surprising consequences of non-conservative optical forces only become manifest when considering colloidal particles' three-dimensional motions in non-uniform light fields. For this, we require precise time-resolved measurements of such particles' three-dimensional trajectories. Figure 3 schematically represents the instrument we have developed for simultaneously projecting holographic optical traps and analyzing trapped particles' three-dimensional motions with holographic video microscopy.
HOLOGRAPHIC VIDEO MICROSCOPY
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The trapping component consists of a laser whose wavefronts are imprinted with phase-only holograms by a computer-addressed spatial light modulator (SLM) (Hamamatsu X8267-16). The holograms are relayed to the input pupil of the microscope's objective lens with a dichroic mirror that reflects the linearly polarized trapping light, but allows light at other wavelengths to pass through.
In-line holograms of trapped objects are created by illuminating the sample with the collimated beam from a second laser (Uniphase HeNe, λ = 632.8 nm).
14, 15 The sample, such as the colloidal sphere depicted in Fig. 3 , scatters some of the incident plane-wave illumination. The scattered beam then propagates to the microscope's focal plane, where it interferes with the unscattered portion of the illumination to create a hologram. This hologram, a typical example of which is shown in perspective in Fig. 3 , is magnified by the microscope and recorded with its video camera.
The image of each sphere in each video frame can be fit to the predictions of Lorenz-Mie light scattering theory for the particle's position r p (t), its radius, a p , and its complex refractive index n p . 16 Holographic video (D* 0 LA. microscopy therefore complements holographic trapping's three-dimensional micromanipulation capabilities with true three-dimensional imaging. 15 Unlike confocal microscopy, which requires mechanical scanning to build up volumetric images, holographic microscopy offers real-time tracking for all of the particles in the field of view. Unlike complementary interferometric techniques such as front-focal-plane interferometry, holographic tracking can follow many particles simultaneously.
The images in Fig. 4 show a typical experimentally obtained holographic snapshot of a 1.5 μm diameter silica sphere (Duke Scientific, Duke Scientific, Catalog #5153A, Lot #26621) together with a fit (bottom image) to the predictions of Lorenz-Mie light scattering theory.
16 Such fits yield the particle's position with nanometer resolution in plane and with 10 nm resolution in the axial direction. A sequence of such measurements yields the particle's trajectory in three dimensions, 10 minutes of which is plotted at 1/30 s intervals in Fig. 4 .
The mean-square displacement of such freely diffusing spheres can be used to measure the errors in locat- ing a particle's center. 37, 38 The results in Fig. 4 are consistent with positional errors estimated from singleparticle fits 16, 36 and confirm that the measurement's resolution is the same as its precision. Agreement in the three Cartesian directions demonstrate that the test particle was far enough from the sample volume's walls to avoid measurable hydrodynamic coupling. They also confirm that the imaging beam's nw/m 2 intensity exerts no measurable influence the colloidal particles' dynamics. Similar dynamical tests also demonstrate that the measurement's accuracy is comparable to its precision. Consequently, holographic particle tracking offers nanometer-scale resolution in all three dimensions for each particle in the field of view with a bandwidth limited by the frame rate of the camera. These characteristics are ideal for seeking out non-equilibrium effects due to phase-gradient forces in optical traps. A particle trapped in an optical tweezer is drawn to the focal point by conservative intensity-gradient forces. It also is acted on by non-conservative phase-gradient forces. Were these the only two forces acting on the particle, it would come to mechanical equilibrium at a point r 0 downstream of the focus where attractive intensity-gradient forces balance repulsive phase-gradient forces. The particle also experiences random thermal forces, however, which drive it away from r 0 . Radiation pressure becomes weaker as the particle diffuses away from the optical axis. This reduces the energetic penalty for the particle to diffuse upstream. On those occasions when it does diffuse upstream, optical forces will work in concert to return the particle to r 0 . The probability for the particle to diffuse around such a circuit in the sense described is clearly greater than the probability to complete the circuit in the opposite direction. This bias breaks detailed balance and drives the system out of equilibrium.
THE FOUNTAIN OF PROBABILITY
The resulting toroidal vortex in the particle's probability density, depicted schematically in Fig. 5 , is not a deterministic consequence of the optical forces acting on the particle. The particle would not move at all were it not subject to random thermal forcing. It circulates because optical forces bias its otherwise random thermallydriven diffusion. Consequently this circulation differs from the deterministic motion driven by phase-gradient forces discussed in Sec. 3. Rather, it acts as a stochastic heat engine in which thermal fluctuations transduce energy from the beam of light into heat in the surrounding water.
To demonstrate this effect, we performed holographic particle tracking measurements on 2.2 μm diameter silica spheres, dispersed in water and each trapped in a static optical tweezer. Because the particle's motions are driven by thermal fluctuations, an individual particle's trajectory, r(t), qualitatively resembles the random walk of a Brownian particle trapped in a three-dimensional harmonic well.
2 The circulatory bias can be resolved from this noisy background by measuring the area r(t + τ ) × r(t) that the particle sweeps out in one measurement interval τ . Toroidal circulation in the forward sense then gives rise to positive values of (r(t + τ ) × r(t)) ·φ, whichφ is the azimuthal direction in cylindrical coordinates. This can be recast as an instantaneous circulation rate,
where A is the mean area swept out by the entire trajectory in the (r, z) plane in cylindrical coordinates.
The data in Fig. 6(a) show the accumulated circulation,
measured at a laser power of 7.5 mW over a 5 min period. The increasing trend is clear, despite considerable noise, and the overall slope indicates a mean circulation rate of Ω = 0.1 Hz.
Repeating these measurements over a range of laser powers yields the results plotted in Fig. 6(b) . The circulation rate is seen to increase with laser power, even as the particle becomes more tightly bound to the trap. The increasingly large error estimates for the measured circulation rates reflect the limited spatial and temporal resolution of our instrument. The dashed curve in Fig. 6 (b) reflects the P 1/2 dependence on laser power that is predicted 2 for a simplified model of the forces exerted by an optical tweezer.
The circulation in the particle's trajectory can be visualized directly, despite overwhelming thermal noise, through the use of density estimators. Sequential measurements of the particle's position can be used to estimate the particle's velocity, v j = (r ((j + 1) τ ) − r (jτ)) /τ , at position R j = (r ((j + 1) τ ) + r (jτ)) /2. The ensembleaveraged flux of probability at position r then may be estimated from N + 1 measurements of the particle's position as
where δ σ (r) is a density estimate, which might practically take the form of a three-dimensional Gaussian of width σ. Equation (16) then can be used to compute streamlines of the particle's flux, examples of which are plotted in the inset to Fig. 6(a) . In practice, the particle's toroidal circulation can be punctuated by thermally activated escape events, which resembling the spray from a decorative fountain when viewed in this way. This has led us to dub this effect the fountain of probability.
These observations confirm the existence of a non-equilibrium circulatory steady-state for colloidal particles trapped in optical tweezers. The toroidal bias on the particle's fluctuations results not simply from optical forces and viscous drag, which would guide the particle to a static mechanical equilibrium, but rather from their interplay with random thermal forces. Because this mechanism is quite general, non-equilibrium circulation should be a generic feature of virtually any optical trapping experiment. Distinguishing circulation from unbiased Brownian motion required both the means to track particles with high resolution in three dimensions and also the appropriate statistical analysis. Even when it has not been resolved or recognized, however, such circulation will have been at work. Whether or not it has had a significant effect on the results of previous measurements remains to be determined.
A wide variety of other stochastic machines have been identified whose ability to do work involves the interplay between thermal fluctuations and a non-conservative external force. 39, 40 Non-conservativity in these cases has been due to the time dependence or velocity dependence of the external force. The present system differs from these in that the optical force is static and depends only on the particle's position, and not its velocity.
The fountain of probability thus is an exemplar of a previously unrecognized class of stochastic heat engines in which the system evolves by diffusion across a fixed but non-uniform force landscape, F (r). The existence of a steady-state in such a system requires the force landscape to have at least one stable fixed point, r 0 . This alone is not sufficient, however, because an irrotational (curl-free) force field would allow the system to come to equilibrium. A non-equilibrium steady-state requires F (r) to have a solenoidal (divergence-free) component in the vicinity of r 0 . The resulting combination of diffusion and advection by the solenoidal component support dissipative circulation in the form of at least one vortex in the system's probability flux. With this in mind, we class this entire class of stochastic heat engines as Brownian vortexes.
A Brownian vortex can be substantially more complex than the simple single toroidal roll depicted in Fig. 5 . Even in a simple optical tweezer, the force landscape can be highly structured. 20, 22 What region of the landscape the particle visits depends on the relative strength of thermal and optical forces, as well as on the action of such additional external forces as gravity. Predicting the rate, or even the sign of the Brownian vortex circulation in the fountain of probability can be exceedingly difficult. Still greater complexity can be expected from more highly structured optical traps with tailored intensity and phase profiles.
CONCLUSION
We have demonstrated that phase gradients in the wavefronts of a beam of light give rise to optical forces with measurable consequences. Such phase-gradient forces can transform extended optical traps into deterministic micromachines. The orbital angular momentum and optical torque of optic vortexes is a special case of this phenomenon. The non-conservative nature of optical phase-gradient forces also can have a more subtle influence on the statistics of optically trapped particles, transforming a simple optical tweezer into a circulating fountain of probability. The observation that optical forces can create Brownian vortexes in static beams of light opens at least two lines of inquiry. One is into the role that such non-equilibrium effects might play in measurements based on the statistics of optically trapped objects. The other addresses the statistical properties of Brownian vortexes themselves, how they operate individually, and how their behavior changes when they are coupled into extended systems.
In all cases, the study of optical phase-gradient forces is facilitated by advances in techniques for optical micromanipulation and particle tracking. The complementary holographic variants presented here are both technically straightforward and highly effective. To assist other researchers in adopting these methods, we provide open-source versions of the necessary control and analytical software at http://physics.nyu.edu/grierlab/. 
